Abstract. We prove that a weak Q-Fano 3-fold with terminal singularities has unobstructed deformations. By using this result and computing some invariants of a terminal singularity, we provide two results on global deformation of a weak Q-Fano 3-fold. We also treat a stacky proof of the unobstructedness of deformations of a Q-Fano 3-fold.
Introduction
In this paper, we consider algebraic varieties over the complex number field C. Definition 1.1. Let X be a normal projective 3-fold. We say that X is a weak Q-Fano 3-fold (resp. Q-Fano 3-fold) if X has only terminal singularities and −K X is a nef and big (resp. ample) divisor.
Weak Q-Fano 3-folds naturally appear in the birational study of a Q-Fano 3-fold. (cf. [Tak06] ) In this paper, we first study the deformation of a weak Q-Fano 3-fold.
The following is a main result of this paper.
Theorem 1.2. Deformations of a weak Q-Fano 3-fold are unobstructed.
The author proved the unobstructedness for a Q-Fano 3-fold ([San16, Theorem 1.7]). Minagawa proved it for a weak Fano 3-fold with only terminal Gorenstein singularities([Min01, Main Theorem (1)]). Theorem 1.2 is a generalization of these results.
By using Theorem 1.2, we study the existence of a Q-smoothing of a weak Q-Fano 3-fold. Recall that a 3-fold terminal singularity has a Q-smoothing, that is, a deformation to a 3-fold with only quotient singularities. In general, a weak Q-Fano 3-fold does not have a Q-smoothing (cf. [Min01, Example 3.7] ). We give a partial result in this direction as follows. Theorem 1.3. Let X be a weak Q-Fano 3-fold.
(i) Then X can be deformed to a weak Q-Fano 3-fold X t with the following property: for all p t ∈ Sing X t , the invariant "µ (1) (X t , p t )" vanishes. (ii) Assume that X has a "global index one cover" which is Q-factorial. Then X can be deformed to a 3-fold with only quotient singularities and A 1,2 /4-singularities.
The invariant µ (1) of singularities appeared in Theorem 1.3(i) is an analogue of the invariant appeared in [NS95, Section 2] (See Definition 3.2). An A 1,2 /4-singularity in (ii) is the terminal singularity (x 2 + y 2 + z 3 + u 2 = 0)/Z 4 (1, 3, 2, 1). See Theorem 3.6(ii) for the precise meaning of the "global index one cover" in (ii).
Minagawa ([Min01, Main Theorem (2)]) proved that a weak Fano 3-fold with Gorenstein terminal singularities can be deformed to that with only ordinary double points. Moreover, he proved that, if it is Q-factorial, then it admits a smoothing, that is, a deformation to a smooth weak Fano 3-fold ([Min01, Main Theorem (3)]). Theorem 1.3 is a partial generalization of these results.
In section 4, we also treat the canonical covering stack associated to a 3-fold with terminal singularities or a surface with klt singularities. We shall explain the unobstructedness of deformations of a Q-Fano 3-fold and Q-Gorenstein deformations of a weak log del Pezzo surface.
1.1. Comments on the proof. To prove Theorem 1.2, we apply the T 1 -lifting property ( [Ran92] , [Kaw92] , [FM99] ) to the deformation functor of a pair (X, D) of a weak Q-Fano 3-fold X and a smooth divisor D ∈ |−mK X | for a sufficiently large m > 0. The author proved the unobstructedness for a smooth weak Fano variety by using the E 1 -degeneration of the Hodge to de Rham spectral sequence associated to the log de Rham complex ([San14, Theorem 1.1]). Since we do not have such a statement on a 3-fold with terminal singularities, we prove the necessary statements directly by using some arguments similar to those in the proof of [Nam94, Theorem 1].
To prove Theorem 1.3, we use 2 types of invariants of singularities. For (i), we use the invariant µ
(1) which is a version of the invariant µ used in [NS95, Section 2]. For (ii), we use the coboundary map φ U which is used in [NS95, Section 1] and [San17b] .
Finally let us give comments on Theorem 4.5. Although Theorem 1.2 is stronger, we shall prove the unobstructedness for a Q-Fano 3-fold X by associating the canonical covering stack X → X. We shall show that the obstruction space Ext
(Ω 1 X , O X ) for X vanishes. An advantage of this method is that the canonical sheaf ω X is invertible and the Ext group is the dual of some cohomology group.
Unobstructedness of deformations of a weak Q-Fano 3-fold
In this section, we shall prove Theorem 1.2 about the unobstructedness. We first prepare necessary materials on infinitesimal deformations.
2.1. Preliminaries on deformation functors. Let X be an algebraic scheme and D its closed subscheme. Let Art C be the category of Artinian local C-algebras with residue field C. We consider the deformation functors Def X , Def (X,D) : Art C → (Sets) of X and (X, D) respectively which are defined as follows (cf. [San16, Definition 2.1, 2.2]).
First, we introduce the deformation functor of an algebraic scheme.
Definition 2.1. (cf. [Ser06, 1.2.1]) Let X be an algebraic scheme over C and S an algebraic scheme over C with a closed point s ∈ S. A deformation of X over S is a pair (X , i), where X is a scheme flat over S and i : X ֒→ X is a closed immersion such that the induced morphism X → X × S {s} is an isomorphism. Two deformations (X 1 , i 1 ) and (X 2 , i 2 ) over S are said to be equivalent if there exists an isomorphism ϕ : X 1 → X 2 over S which commutes the following diagram;
Define the functor Def X : Art C → (Sets) by setting
where (equiv) means the equivalence introduced in the above.
We also introduce the deformation functor of a closed immersion. 
We define the functor Def (X,D) : Art C → (Sets) by setting
We use the following notion of a T 1 -space for the T 1 -lifting property. 
be the set of isomorphism classes of pairs ((Y n , E n ), ψ n ) consisting of deformations (Y n , E n ) of (X n , D n ) over B n and marking isomorphisms ψ n : Y n ⊗ Bn A n → X n such that ψ n (E n ⊗ Bn A n ) = D n , where we use a ring homomorphism B n → A n given by x → t and y → 0. We call
We have the following interpretation of the T 1 -space.
Proposition 2.4. Let X be a reduced algebraic scheme over C and D be its divisor such that D ⊂ X sm , where X sm ⊂ X is the smooth locus.
Then we have
We can prove this by a standard argument using B n ≃ A n ⊗ C A 1 . We write the proof for the convenience of the reader.
We shall construct two homomorphisms
and check that they are converse to each other.
Xn/An (log D n ), O Xn ) be the class corresponding to the above extension. This defines a homomorphism Φ.
Conversely, given an extension
where we put
The algebra structure on A is determined by (e 1 , g 1 ) · (e 2 , g 2 ) = (g 1 e 2 + g 2 e 1 , g 1 g 2 )
for (e 1 , g 1 ), (e 2 , g 2 ) ∈ A(U) on a open set U. Moreover the B n -algebra structure on A is determined by a homomorphism B n → A sending y to (β(1), 0) ∈ A, where y ∈ B n satisfies y 2 = 0 in the definition. Then we see that A is flat over B n by the local criterion of flatness.
We also see that A ⊗ Bn A n ≃ O Xn , thus, by putting O Yn := A, we obtain a deformation of X n over B n . We define an ideal sheaf I ⊂ A by
Note that we have a natural commutative diagram
We can check that I is an ideal sheaf of A. Thus I has a B n -module structure and it fits in a commutative diagram whose horizontal sequences are exact:
Hence I is flat over B n again by the local criterion of flatness. We can also check that
Thus we obtain Ψ. We can check that Φ and Ψ are converse to each other and obtain the required isomorphism.
The following proposition shows that a S 3 sheaf behaves well under base change and that infinitesimal deformations of a S 3 scheme do not change by removing a codimension 3 closed subset.
Proposition 2.5. Let X be an algebraic scheme over C and ι : U ֒→ X be an open immersion. Assume that depth O X,p ≥ 3 for all scheme theoretic point p ∈ X \ U. Let
for all scheme theoretic point p ∈ X \ U. Let M be a finite A-module. Then we have the following.
Moreover, the sheaf of A-modules F A is a coherent O X A -module, flat over A and satisfies
Proof. (i) We prove this by induction on dim C M.
If dim C M = 1, then we have M ≃ C. Thus we have R 1 ι * (F U A ⊗ A C) = 0 by the condition (*) on the depth.
We consider the general case. Note that there exists m ∈ M such that A · m ≃ C. Thus we have an exact sequence
By tensoring this with F U A , and taking R 1 ι * , we obtain an exact sequence
By the induction hypothesis, the both sides are zero. Hence we see that the middle term is also zero.
(ii) The identity homomorphism ι
We shall show that φ is an isomorphism. (Case 1) We first treat the case where M admits a surjection A → M and let A ′ := M. We may assume that π : A → A ′ is a small extension, that is, dim C Ker π = 1 since we can decompose π into small extensions. Let (t) := Ker π with an exact sequence
By tensoring this with F A and F U A , and taking ι * , we obtain a commutative diagram
Both horizontal sequences are exact. The exactness of the bottom sequence follows from the flatness of F U A and R 1 ι * F U = 0 by (i). The vertical homomorphisms φ and φ ′ are surjective. Indeed, the surjectivity of φ ′ follows from (i) again since we have (t) ≃ C ≃ A/m A for the maximal ideal m A . Hence, by the diagram chasing, we see that φ is injective. Thus we see that φ is an isomorphism.
(Case 2) In general case, we show that φ is an isomorphism by induction on dim C M. When dim C M = 1, then the statement is proved in (Case 1).
For m ∈ M such that A · m ⊂ M is 1-dimensional over C, we have an exact sequence as in (5). Thus we have the following two exact sequences with commutative diagrams:
The induction hypothesis implies that φ M ′ is an isomorphism. Since φ 0 is also an isomorphism, we see that φ is also an isomorphism by the diagram.
(iii) For the former statement, we may assume that X is affine and shall show that ι * O U A is isomorphic to the sheaf O Spec H 0 (O U A ) . We prove this by induction on dim C A. Consider a small extension as in (6). By R 1 ι * O U = 0, we have an exact sequence
The both side terms are isomorphic to the sheaf coming from the corresponding affine schemes. Hence the middle one is also isomorphic to the sheaf of an affine scheme. Thus we see that the ringed space X A = (X, ι * O U A ) is an algebraic scheme. We may also check that F A is coherent by the exact sequence (7).
Next we shall check the A-flatness of O X A and F A . By (ii), we see that φ and φ ′ are isomorphisms in the diagram (7). By induction on dim C A, we shall show the A-flatness of F A .
When dim C A = 1, then the flatness is trivial. Let A → A ′ be a small extension as in (6). We see that
′ is flat over A ′ by the induction hypothesis. By the local criterion of flatness (cf. [Har10, Proposition 2.2]) and the exact sequence in (7), we see that F A is flat over A.
In the same way, we can check that O X A is flat over A. 14.]) which should imply Proposition 2.5. However, we include the proof of Proposition 2.5 to make this paper self-contained.
As a corollary, we have the following proposition about the behaviour of the deformation functor of a klt variety under removing a codimension 3 closed subscheme.
Corollary 2.7. Let X be a normal variety with only klt singularities and D be an effective QCartier Weil divisor on X. Let Z ⊂ X be a closed subscheme whose irreducible components
Then we have the following.
Then we have an isomorphism of the T 1 -spaces
, we see that the ringed space X A := (X, O X A ) is an algebraic scheme such that X A ∈ Def X (A).
Next define an ideal sheaf 
follows from Proposition 2.5 (ii). Hence we have a natural transformation Ψ :
We can check that Φ and Ψ are converse to each other by Proposition 2.
(ii) This immediately follows from (i).
For a deformation of a 3-fold with only terminal singularities, we also have the following lemma about Ext group under restriction to a open subset over A n .
Lemma 2.8. (cf. [San17a, Lemma 2.11]) Let X be a 3-fold with only terminal singularities and ξ n := (X n → Spec A n ) ∈ Def X (A n ). Let U ⊂ X be the smooth locus of X and U n → Spec A n be a deformation of U induced by ξ n . Let F , L be reflexive sheaves on X n . Assume that R 1 ι * L| Un = 0, where ι : U ֒→ X is an open immersion. Then the restriction homomorphism
is an isomorphism.
Proof. We can construct the converse of r as follows. Given an exact sequence
is also exact by the condition R 1 ι * L| Un = 0.
We also need the following proposition about the obstruction to smoothness of the forgetful morphism.
Proposition 2.9. Let X be an algebraic scheme and D be its closed subscheme. Let Def (X,D) and Def X be the deformation functors defined in Definitions 2.1, 2.2 and Φ : Def (X,D) → Def X be the forgetful morphism. Assume the following two conditions:
such that the forgetful morphism Def (U i ,D i ) → Def U i is a smooth morphism for i = 1, . . . , n, where
Then Φ is a smooth morphism. Proof. This can be deduced from [Har10, Theorem 6.2 (b)] as follows. Given an extension 0
is an obstruction space for smoothness of Φ and, by the condition (ii), the smoothness of Φ follows.
2.2. Proof of Theorem 1.2. The following result is crucial to prove Theorem 1.2.
Theorem 2.11. Let X be a weak Q-Fano 3-fold. Take a smooth member D ∈ |−mK X | for some positive integer m such that D ∩ Sing X = ∅ which exists by the base point free theorem.
Then the deformation functor Def (X,D) is unobstructed. 
is surjective.
Let U be the smooth locus of X and ι : U ֒→ X be the open immersion. Note that
where ι : U n ֒→ X n is an open immersion. The former isomorphism follows from Corollary 2.7 (ii). The latter isomorphism follows from Lemma 2.8 since ω X is Cohen-Macaulay and we have R 1 ι * ω Un/An = 0 by applying Proposition 2.5(i) in the case M = A = A n (cf. [San16, Claim 2.12]). By the Serre duality, we obtain
Thus it is enough to show the homomorphism
is surjective. Let π n : Z n → X n be a cyclic cover branched along D n ∈ |−mK Xn/An |. Now let M ∨ be the dual of some object M. We have an isomorphism
∨∨ . Then we obtain the decomposition
By this decomposition, the surjectivity is reduced to that of the homomorphism
(log ∆ n−1 )(−∆ n−1 )), A n−1 ).
As in the proof of [Nam94, Section 2, Theorem 1], the above surjectivity is reduced to the following two statements;
(ii) The reduction homomorphism
is surjective. Since Z n → Spec A n is a relative l.c.i. morphism, we see that Ω 1 Zn/An (log ∆ n )(−∆ n ) is a flat A n -module (cf.
The following lemma implies (ii).
Lemma 2.12. Let Z := Z 0 , ∆ := ∆ 0 and π := π 0 : Z → X be as above. Then we have
Proof of Lemma 2.12. Since Z is smooth along ∆, there is an exact sequence
This sequence induces an exact sequence
Thus it is enough to show that the both side terms are zero.
We first show H 2 (∆, Ω 1 ∆ ) = 0. By the Serre duality and Hodge symmetry, we see that
. There is an exact sequence
Since we have Thus we obtain (ii). In order to obtain (i), it is enough to show the surjectivity of the homomorphism 
where the vertical homomorphisms are induced by the homomorphisms
Note that we have the upper exact sequence after tensoring C since H 1 (Z, O Z ) = 0 by the proof of Lemma 2.12 and thus H 1 (Z, O * Z ) is a finitely generated Z-module. By using arguments in [Nam94, Lemma 2.2], we obtain the following claim.
Claim 2.13. The homomorphism α 2 is surjective.
Proof of Claim. Note that Z has only isolated cDV singularities by the construction of Z. Let ν :Z → Z be a log resolution of Z such that ν −1 (Z sm ) → Z sm is an isomorphism. We have a natural homomorphism Ω
. This is an isomorphism since we have H 
whose horizontal sequences are exact. The exactness of the upper sequence follows since
) is a finitely generated Z-module. We can also show that α is injective by [Nam94, Lemma 2.2, Claim] since the problem is local around the singularities of Z. By applying the snake lemma to the diagram (14), we obtain the surjectivity ofα 2 .
Since H 1 (∆, O ∆ ) = 0, the homomorphism α 3 is injective. Thus, by the snake lemma, we see that α 1 is surjective.
Let
By this and H 2 (Z, O Z (−∆)) = 0, we see that the homomorphism
is surjective. Since we have a commutative diagram
, we see that the homomorphism β 2 is surjective. We see that β 2 ⊗ An C is an isomorphism by the base change theorem ([Har77, Theorem 12.11 (a)]). Thus, by Nakayama's lemma, we see that
Zn/An (log ∆ n )(−∆ n )) is surjective. By this and the commutative diagram
we see that Φ n is surjective. Hence we obtain (i). We finish the proof of Theorem 2.11.
Corollary 2.14. Let X be a weak Q-Fano 3-fold. Then its deformation functor Def X is unobstructed.
Proof. Let D ∈ |−mK X | be a smooth divisor as in Theorem 2.11. Let F : Def (X,D) → Def X be the forgetful morphism. Note that H 1 (D, N D/X ) = 0 since we have an exact sequence
and both side terms are zero by the Kawamata-Viehweg vanishing theorem. Thus, by Proposition 2.9 and Theorem 2.11, we see that F is a smooth morphism and this implies that Def X is unobstructed since Def (X,D) is unobstructed.
3. Q-smoothings of a weak Q-Fano 3-fold 3.1. Du Bois invariants of singularities. We shall introduce two types of Du Bois invariants of a 3-fold terminal singularity.
First, we recall the invariant used in [NS95, Section 1] for the Gorenstein case and [San17b] in the general case. Let (U, p) be a germ of a 3-fold terminal singularity and
be its index one cover with the Z r -action with a point q := π −1 (p). Let ν :Ṽ → V be a Z r -equivariant log resolution such that its exceptional divisor F ⊂Ṽ has a SNC support andṼ \ F ≃ V \ {q}. Let V ′ := V \ {q} and
be the coboundary map of the local cohomology. Letπ :Ṽ →Ũ :=Ṽ /Z r be the finite morphism induced by π and E ⊂Ũ the exceptional divisor of the birational morphism µ :Ũ → U induced by ν. Let U ′ := U \ {p} and
as the Z r -invariant part of τ V . We have the following result. (ii) (U, p) is a quotient singularity or an A 1,2 /4-singularity. Here, an A 1,2 /4-singularity is the germ (x 2 + y 2 + z 3 + u 2 = 0)/Z 4 (1, 3, 2, 1).
We also use another invariant of a terminal singularity.
Definition 3.2. Letπ :Ṽ →Ũ and F ⊂Ṽ be as above. Let
be the eigen-decomposition with respect to the Z r -action of π such that
r s} for ζ r := exp(2π √ −1/r) and the generator g :=1 ∈ Z r . Let
. From now, for a positive integer m and a C-vector space V (or a sheaf) with a Z m -action, let We use the invariant µ (1) (U, p) to study Q-smoothing of a weak Q-Fano 3-fold. The following can be useful to compute the invariant µ (1) .
Lemma 3.4. Let (U, p) be a 3-fold terminal singularity such that µ (1) (U, p) = 0. Then we have
where σ (1) (U, p) is the rank of the eigenspace Cl(V, q) (1) of the local divisor class group Cl(V, q) of the germ (V, q).
Proof. We have an exact sequence of the Z r -eigenspaces
The assumption µ (1) (U, p) = 0 implies that the L.H.S. is zero. Hence we obtain
. By the local duality, we obtain
We also have an exact sequence of the eigenspaces
. Also note that we have a surjection d :
which is an eigenpart of
(log F )(−F )) (See the proof of [NS95, Theorem 1.1]). By this exact sequence and the above inequality, we obtain
Example 3.5. Let us consider the terminal singularity U := (xy+f (z r , u) = 0)/Z r (1, −1, a, 0) for coprime positive integers r, a.
For example, let U :
is locally factorial. This is a contradiction and we obtain
(U,p) − 1 by Lemma 3.4 again. This is also a contradiction and we obtain µ (1) (U, p) > 0. For other terminal singularities, the computation may be possible, but complicated.
3.2.
On Q-smoothability of a weak Q-Fano 3-fold. By using the invariants of a terminal singularity as in the previous subsection, we can prove the following result on the existence of a global deformation of a weak Q-Fano 3-fold.
Theorem 3.6. Let X be a weak Q-Fano 3-fold.
(i) Then there exists a deformation φ : X → ∆ 1 over an unit disk whose general fiber X t satisfies the following: For p ∈ Sing X t and its Stein neighborhood U p , we have Then X can be deformed to a weak Q-Fano 3-fold with only quotient singularities and A 1,2 /4-singularities.
Proof. Let π : Y → X be the Z m -cover as in (ii) and let Sing Y =: {p 1 , . . . , p l }.
There exists a Z m -equivariant log resolution (
. . , p l } and ν −1 (Sing Y ) is a SNC divisor. Let µ :X :=Ỹ /Z m → X be a birational morphism induced by ν.
Let U i be a Stein neighborhood of p i for i = 1, . . . , l. Let π i : 
Zm be the Z m -invariant part and
We have the following commutative diagram;
(i) Let p 1 , . . . , p l ′ ∈ Sing X be the singular points such that
Proof of Claim. The homomorphism is the Z m -eigenpart
Hence it is enough to check the corresponding eigenpart
) is not surjective. We see that the dimension of its
Since this is non-zero by the assumption, we obtain the claim.
be the restriction homomorphism which can also be regarded as the blow-down morphism (cf. [San17b, Section 2]). Note that
) is the coboundary map. By using this relation, we can find a good deformation as follows.
By Claim 3.7, there exists
i (α i ). Then we have p U i (η) = α i = 0, thus p U i (η) ∈ Ker φ i . By this and the relation (17), we see that p U i (η) ∈ Im(ν i ) * . By arguing as in the proof of [San17b, Theorem 1.4], we can deform singularity p i ∈ U i as long as the invariant µ
(1) is non-zero. Thus, by Theorem 1.2, we obtain a deformation with the required property.
(ii) The framework of the proof is similar to that of [San17b, Proof of Theorem 1.4].
Let p 1 , . . . , p l ′ for some l ′ ≤ l be the singularities which are neither quotient singularities nor A 1,2 /4-singularities. 
Note that∆ ∩Ṽ i = ∅ for all i. This is dual to the restriction homomorphism
and it can be decomposed as
and Φ i fits in the following commutative diagram 
By the relation (17) and p U i (η) − η i ∈ Ker φ i , we see that p U i (η) ∈ Im(ν i ) * , where we use the inclusion
) and regard φ i as the restriction of τ V i . By arguing as in the proof of [San17b, Theorem 1.4], we can deform singularity p i ∈ U i as long as φ i = 0. By Fact 3.1 and Theorem 1.2, we obtain a required deformation.
Deformations of a Q-Fano 3-fold via its canonical covering stack
In this section, we explain the canonical covering stack associated to a 3-fold with only terminal singularities. We use it to prove the unobstructedness of deformations of a Q-Fano 3-fold.
4.1. Preliminaries on canonical covering stacks. Let X be a 3-fold with only terminal singularities. Let Sing X =: {p 1 , . . . , p l }, p i ∈ U i a small affine neighborhood of p i such that U i ∩ Sing X = {p i }, and π i : V i → U i be the index one cover for i = 1, . . . , l. Let V 0 := X \ Sing X and π 0 :
We shall define anétale groupoid space
by setting m, s, t as follows: For i = 1, . . . , l and i = j, let
. In order to define the multiplication map m : W × V W → W , we use the following morphisms;
where m i,i is induced by the multiplication of the group G i , m (i,j),i and m (i,j),i are the base change of the G i -action morphism t i , and m (j,k),(i,j) is the natural projection of the fiber products. We define m by
Let X be the Deligne-Mumford stack associated to the groupoid space W ⇒ V (cf. [Kaw02, Definition 6.1]). Let γ : X → X be the morphism to the coarse moduli space. Note that the coarse moduli space of X is isomorphic to X since it can be constructed by gluing V i /G i ≃ U i with respect to the same gluing morphism as X. We can define a functor Def X : Art C → (Sets) of deformations of the stack X over Artinian rings as in the case of schemes.
Remark 4.1. Aoki ([Aok05, Proposition 3.2.5]) pointed out that Def X is isomorphic to the deformation functor Def (W ⇒V ) of theétale groupoid space (W ⇒ V ). The deformation functor of anétale groupoid space can be defined in an obvious way. which sends a deformation of X to its coarse moduli space.
Proof. We can construct a natural transformation c ′ : Def X → Def X as follows; Let
be an affine open sets of X as above and U i,A → Spec A be a deformation of U i induced by X A . Let ι i :
be the open immersion from the smooth locus for i = 1, . . . , l and ω
is flat over A by Proposition 2.5. Thus we see that
We can construct anétale groupoid space W A ⇒ V A similarly as W ⇒ V and this defines an element of Def (W ⇒V ) (A), thus an element c ′ (X A ) := X A ∈ Def X (A). We see that X A is flat over A since we can check it locally.
We can check that c ′ is an inverse of c as follows: Given X A ∈ Def X (A). We see that the coarse moduli space of the groupoid space W A ⇒ V A is isomorphic to X A since it can be constructed by gluing V i,A /G i ≃ U i,A and the gluing isomorphism is same as X A .
Conversely, given X A ∈ Def X (A). Then we have the correspondingétale groupoid space
which is a deformation of W ⇒ V . We can check that W We can construct obstructions for deformations of X as follows.
Proposition 4.4. Let X be a 3-fold with terminal singularities and X its canonical covering stack. Then we can define an obstruction o ξn ∈ Ext Theorem 4.5. Let X be a Q-Fano 3-fold. Then the deformation functor Def X is unobstructed.
Proof. Let γ : X → X be the canonical covering stack of X constructed as above. By the isomorphism (19), it is enough to show that Def X is a smooth functor. We have isomorphisms
The first isomorphism follows since ω X is invertible. This is the main advantage of considering the canonical covering stack. The second isomorphism follows from the Serre duality on a Deligne-Mumford stack ([Nir08, Corollary 2.10]).
Claim 4.6. We have an isomorphism
, where ι : X ′ ֒→ X is an open immersion of the smooth part X ′ of X.
Proof of Claim. We can check this by the construction of γ : X → X. Note that γ * (Ω 1 X ⊗ω X ) is reflexive since we have
on an affine neighborhood U i of p i for i = 1, . . . , l and Ω 1 V i is S 2 sheaf on V i with only Gorenstein terminal singularities. Thus we have an isomorphism
since both sheaves are reflexive and coincide on X ′ . This isomorphism induces the isomorphism of cohomology groups.
Thus it is enough to check H 1 (X, ι * (Ω (Ω 1 S ⊗ ω S , ω S ) ≃ H 0 (S, Ω 1 S ⊗ ω S ). We also see that
This vanishes by the Bogomolov-Sommese vanishing theorem on a log canonical variety. Thus we are done.
